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Abstract. In [18], the new (/-extension of Bernoulli polynomials and generalized 
Bernoulli numbers attached to x were constructed by using p-adic invariant integral on 
Z p . In this paper we construct the new (/-extension of generalized Bernoulli polynomials 
attached to \ due to author and derive the existence of a specific p-adic interpolation func- 
tion which interpolate the (/-extension of generalized Bernoulli polynomials at negative 
integer. Finally, we give the values of partial derivative for this function and investigate 
some properties which are related to this interpolation functions. 



§1. Introduction 

Let p be a fixed prime. Throughout this paper Z p , Q p , C and C p will, respectively, 
denote the ring of p-adic rational integers, the field of p-adic rational numbers, the 
complex number field and the completion of algebraic closure of Q p , cf. [3, 10, 17]. Let 
v p be the normalized exponential valuation of C p with \p\ p = p~ v p^ = p~ x . When one 
talks of g-extension, q is variously considered as an indeterminate, a complex number 
q G C, or a p-adic number q G C p . If q G C, one normally assumes \q\ < 1. If q G C p , 

then we assume \q — l\ p < p~~, so that q x = exp(xlogg) for \x\ p < 1. Kubota and 
Leopoldt proved the existence of meromorphic functions, L p (s,x), defined over the 
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p-adic number field, that serve as p-adic equivalents of the Dirichlet L-series. These 
p-adic L-functions interpolate the values 

L p (l - n ,x) = --(l- X n(p)p n - 1 )B n , Xn , for n e N = {1,2, • • • ,} , 

where B UjX denote the nth generalized Bernoulli numbers associated with the primitive 
Dirichlet character x, and Xn = X w ~ n '■> with w the Teichmuller character, cf.[l-24]. 
In a recent paper [18], the author constructed the new (/-extensions of Riemann zeta 
function, Hurwitz's zeta function and Dirichlet's L-functions. In Section 2, we de- 
fine the (/-extension of generalized Bernoulli polynomials attached to x an d construct 
a new (/-extension of Hurwitz's type L-function which interpolates the (/-extension of 
generalized Bernoulli numbers attached to x at negative integers. In C, we introduce 
some of the basic facts about the (/-extension of Hurwitz's type L-function which in- 
terpolates the generalized (/-Bernoulli polynomials attached to x- The values of this 
function at negative integers are algebraic, hence may be regarded as lying in an ex- 
tension of Q p . We therefore look for a p-adic function which agrees with at negative 
integers. The purpose of this paper is to construct the new (/-extension of generalized 
Bernoulli polynomials attached to x due to author and derive the existence of a specific 
p-adic interpolation function which interpolate the (/-extension of generalized Bernoulli 
polynomials at negative integer. Finally, we give the values of partial derivative for 
this p-adic function and investigate some properties which are related to this p-adic 
interpolation functions in Section 3. 



2. An q- extension of Dirichlet's L-function 

In this section we assume that q £ C with \q\ < 1 and h G Z. The classical Bernoulli 
polynomials are defined by 

f 00 f n 

e xt = Y,B n {x)- |f|<27r, 

n=0 

and the classical Bernoulli numbers are defined by B n = B n (0). Let x be a primitive 
Dirichlet character of conductor / e N. Then the generalized Bernoulli polynomials 
associated with Xi B n ,x( x )i are a l so defined by 

a=l n=0 



ON THE p-ADIC INTERPOLATION FUNCTION 
Let us define the (/-extension of Bernoulli polynomials as follows: 



CO = MMS. cf.[4, 18] . 

H n=0 

We now consider the (/-extension of the generalized Bernoulli polynomials attached to 

X as 

(3) ^t"o (^xw* + eti iQ g g ft g hi x(o) eXt = g B ( fc ) (x) ^ |t| < 2yr _ 

Let us define the (/-extensions of Bernoulli numbers and generalized Bernoulli numbers 
attached to x as Bril = ^n^(O) and B^I jX = B^l(0). Then we note that 

(4) <Lw = E = E 

fc=0 w i=0 1 

Remark. Let be denoted by Kronecker symbol. Then we see that 

<i = jnrf + l T " S S = fc > 1. cf-[l. 2 ' 21, 22,] , 

with the usual convent of replacing (Bg h ^) n by B$ q . 

For sGC, the (/-extension of Hurwitz zeta function is defined by 

<?'(«.*> = E Hr¥ - ^ E r^W cf -i 12 - 18 i- 

q *-^(n + x) s s — 1 *—'{n + x) s 1 

n=0 v ' n=0 v ' 

Note that Cz ( s > ^) is analytic continuation for 3?(s) > 1. This function have the below 
value at negative integers: 

n 

In [18], the (/-extension of Dirichlet's L-function is also defined by 

Jin (,!„„„ °° „nh. 



dC 1 ) ( \ 

<<*>(! " «, *) = ~ ■ for n e N = {1, 2, • • •} 



(5) 4 ft W) = E^-^f E^ 



n=l n=l 
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This function is analytic continuation for 9R(s) > 1. Note that L q h \l — n, x) 
for n E N, cf.[12, 14, 18, 19]. We now set 

(6) F<«(t, X) = SS^'xffl^+e'W^))^ for |t) < 2, 

q & — 1 / 

By using (6), we easily see that 

oo oo 

(7) F^(t,x) = -tJ2x(n)q nh e^ t - hlogqj^ x{n)<? n e<- n+x » . 

n=0 n=0 

It is easy to see that the series on the right-hand side of (7) are uniformly convergent. 

Hence, we have 

(8) 

S M» = ^ F i^ x )\t=o = -k^ X (n)q hn (n+x) k - 1 -hlogqY l x(n)q hn (n + x) k . 

n=0 n=0 

That is, 

„ / n oo , , oo 

(9) = y x (n)^ n (n + xf- 1 + V x(^ n (n + fceN. 

n=0 n=0 

Thus, we can consider the (/-extension of Dirichlet's L-function which interpolates the 
generalizes q-Bernoulli numbers at negative integer as follows: 

Definition 1. For s G C, define 

("» ^(^W^^-^Et^^ 

y *-^(n + x) s s — 1 *-^{n + x) s 1 

n=0 v ' n=0 v ' 



Note that L q h '(s,x\x) is analytic continuation in C with only simple pole at s = 1. 
By (9) and (10), we obtain the following: 

Proposition 2. For any positive integer k, we have 

B (h) 

L q h \l-k,x\ X ) = h f±(x). 
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We now give the integral representation of the (/-extension of Dirichlet's L-function 
which interpolates the (/-extension of generalized Bernoulli polynomials attached to x 
in C. Let T(s) be the gamma function. Then we can readily see that 

(11) L « ft)(a ' x|x) = fto/o tS ~ 2F ^-^ x)dt 

From (3), (6) and (11), we note that 

L^(l-n,x\x) = - Bnh)q ' x{x) , for»GN. 



Let s be a complex variable , a and F be integers with < a < f Then we define 
Hq(s,a\F) as follows: 

(12) <)( s , a |/)= Y. ^-^r £ = f). 

m=a( mod /) m=a( mod /) 

m>0 m>0 

Let x(t^ 1) be the Dirichlet's character with conductor /el Then the g-analogue of 
Dirichlet's L-function can be expressed as the sum. 

/ 

(13) L q h \s, X ) = J2^)H { q h) (s,a\f), for s G C. 

o=l 

The function Hq(s, a\f) is a meromorphic for s E C with simple pole at s = 1, having 
residue q qh }°J s 1 q , and it interpolates the values 

fn— 1 _ 

(14) ffW(i_ nja |/) = _L_^«fl n>g/ ( ), where n G Z, n > 1. 
Now, we modify the (/-analogue of the partial zeta function as follows: 



d5) ^) (s , o|/ ) = I _^ 7 „ 1 -.g( 1 - s ) (£)>>„ forsec . 

From (13), (14) and (15), we can derive the below: 

J a=l m=0 v / \ / 
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It is easy to see that we can express L q h \s,x\x) in the similar method. Using (15) to 
define Hq h \s, a + x\f) for all a G Z with < a < /, a; G R with < x < 1, we can 
define 

/ 

L q h) (s, x\ X ) = Y, x(a)q- hx H( q h \s, a + x\f). 

a=l 

Let / and a be the positive integers with < a < f. Then we have 

'1 - s V / 



(17) L?W|x) 



11 

— 7 £x(«)<z h > + s) 1 - a £ 

a=l m=0 



By (17), we see that L q h \s, x\x) is an analytic for x G H. with <i< 1, s £ C, except 
1. Furthermore, for each n G Z with n > 1, we have 

(18) f^vl^-^f 1 . 

In C, we introduced some of the basic facts about the (/-extension of Dirichlet L-function 
which interpolates the generalized (/-Bernoulli polynomials attached to x- The values 
of L q h \s, x\x) at negative integers are algebraic, hence may be regarded as lying in an 
extension of Q p . We therefore look for a p-adic function which agrees with at negative 
integers in the next section. 



3. ON A p-ADIC INTERPOLATION FUNCTION FOR THE (/-EXTENSION OF 
THE GENERALIZED BERNOULLI POLYNOMIALS AND ITS DERIVATIVE 

In this section we shall consider the p-adic analogs of the g-L-functions, L q h \s, x\x), 
which were introduced in the previous section. Indeed this functions are the (/-analogs 
of the p-adic interpolation functions for the generalized Bernoulli polynomials attached 
to x- L e t w denote the Teichmuller character, having conductor f w = p*. For an 

arbitrary character x, we define Xn = X w ~ n i where n G Z, in the sense of the product 

_ i 

of characters. Throughout this section, we assume that q G C p with |1 — q\ p < p p- 1 . 
Let < a >= w~ 1 (a)a = ^^y. Then, we note that < a >= 1 ( modp*Z p ). By the 

definition of < a >, we easily see that < a+p*t >= w~ 1 (a + p*t)(a + p*t) = w~ 1 (a)a + 
w~ 1 (a)(p*t) = 1 ( mod p*Z p [t]), where t G C p with \t\ p < 1, (a,p) = 1. The p-adic 
logarithm function, log p , is the unique function C p — > C p that satisfy (1) log + = 

E^Li ^£- xn > \ x \p < !> ( 2 ) l °S P (xy) = log p x + log p y, Vx,y G C£, and \og p p = 0. 
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Let Aj(x) = Xl^Lo a n,j xTl , a n,j G C, j = 0, 1, 2, • • • be a sequence of power series, 
each of which converges in a fixed subset D = {s £ C p ||s| p < \p*\~ 1 p~~} of C p such 
that (1) a n j — > a n>0 as j — > oo for Vn; (2) for each s £ D and e > 0, there exists 

n o = ^o( s ) e ) such that Xln>n a n,jS n < e for Vj. Then lim^oo A, (s) = Aq(s) for 

- ' p 

all s £ D. This is used by Washington [24] to show that each of the function w~ s (a)a s 
an d Zlm=o (m) (f") w here F is the multiple of p* and / = / x , is analytic in D. 

Let F be a positive integral multiple of p* and / = / x , and let 

(19) E x(a)9 fca <o + p*t> 1 -f:f 1 - a V— U m B (fc) ,. 
s-lF ^ v ' ^ \ m J \a + p*tj m >i 

a=l m— 

(a,p)=l 

Then L p ^(s,t|x) is analytic for t £ C p with |£| p < 1, provided s £ D, except s ^ 1 
when x 7^ 1. For t £ C p with |t| p < 1, we see that J^jLo [j] ( a +p*t ) ^j H q F * s ana lytic 
for s G D. It readily follows that < a+p*t > s =< a > s Ylm=o (~) (a _1 p*t) m is analytic 

for i G C p with \t\ p < 1 when s £ D. Thus, since (s — l)L p h l(s,t\x) is a finite sum of 
products of these two functions, it must also be analytic for t £ C p , \t\ p < 1, whenever 
s £ D. Note that 

(20) lim(,-l)LW(,,t| X ) = i £ X (a)q ha B^ F . 

a=l 
(o,p) = l 

We now let n G Z, n > 1, and fix t G C p with |t| p < 1. Since F must be a multiple of 
/ = /*»• B y ( 4 )> we see that 



(21) Billet) = F"- 1 E Xn(a)^5^(^). 

a=0 

If x n (p) = 0, then (p, / Xr J = 1, so that ^ is a multiple of f Xn . Therefore, we obtain 

p 

(22) Xn(p)p n - 1 Bi h l PjXn (p-Yt) = F-^x^a)^!^). 

a=0 
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The difference of these quantities yields 

F 

(23) 5?L>**) - X-» n_1 <^ 

a=l 
p\a 

From the definition of (/-Bernoulli polynomials (see[18:p.3j), we note that 

n / \ / * , \ n — k 



k=0 



^-» (a+P . tr tg)(_z_)'<),. 



fc=0 

Since Xn(a) = x( a ) w ~ n ( a ) an d for (a,p) = 1, and t G C p with < 1, we have 

B ( n h) q , Xn (p*t) ~ X n{p)p n - 1 B^^{P- I p*t) 

(-) .1 f. ^ <0+p . (>n £( : )(_J_)%,,, 

a=l m— 

(a,p)=l 

Thus, we see that 

-\ ( S 2,x>**) - Xn(p)p n - 1 B^ Xn (p- 1 ft)) = LS(1 - M|x), for n G N. 
Therefore we obtain the following theorem: 

Theorem 3. Let F be a positive integral multiple of p* and f = f x , and let 

-~ e ^<«^«> i -f:( 1 ;')(^r B ^- 

a=l m—0 
(o,p) = l 

Then, L p h l(s,t\x) is analytic for t G C p , \t\ p < 1, ft £ Z, provided s E D, except s ^ 1. 
t4/so, i/t £ C p , |£| p < 1, t/izs function is analytic for s <E D when x ^ 1, awrf mero- 

morphic for s £ D, with simple pole at s = 1 having residue ^° g ^ (tz^ — l-q^p j 
tu/ien x = 1. Furthermore, for each n G Z, n > 1, we have 

L p h) q (l ~ M|x) = (^ >XB (p**) - XnCp^-^^p^Cp-V*)) . 
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Remark. Note that lim^o L P) q(s, 0|x) = lim g _,.i L p ,g (s, 0|x) = L p (s,x) /or s E D 
with s 7^ 1 if x = 1) where L p (s,x) is Kubota-Leopoldt's p-adic L-function, cf.[5, 6, 7, 
8, 11, 13, 20, 23, 24]. 



We now consider the (/-analogue of the partial p-adic zeta function as follows: 



j,<2 



F 5 



3=0 

where s G D, s / 1, a G Z with (a,p) = 1, and F is a multiple of p*, cf. [8, 13]. The 
function L p ^q(s, x) can be rewritten as the sum 

F 

L l h) q (^x)= E x(a)q ha H$(s,a\F), cf.[ 8, 13], 



a=l 
(o,p)=l 



provided F is a multiple of both p* and / = / x . The function H p h q(s, a\F) is a meromor- 
phic for s i 
the values 



phic for s E D with a simple pole at s = 1, having residue q hF^i , and it interpolates 



" n,a\F) = -lF»-i w -»(a)BW,(^), 

where n G Z, n > 1, cf. [8-19]. By using H p h q(s,a + p*t\F), we can express L p ^(s,t|x) 
for all a G Z, (a,p) = 1, and t E C p with |t| p < 1, as follows: 



F 

i#>(Mlx) = £ x(a)^ a ^2(s,a + p*t|F). 

a=l 
(a,p) = l 

It is easy to see that H p h q(s, a + p*t\F) is analytic for £ G C p , \t\ p < 1, where s E D, 
s 7^ 1, and meromorphic for s E D, with a simple pole at s = 1, when t G C p , \t\ p < 1. 

Let us consider the first partial derivative of the function L p h / q {s,t\x) at s = 0. The 
value of -j^L p h q(0, t\x) is the coefficient of s in the expansion of L p ^{s,t\x) at s = 0. 
By using Taylor expansion at s = 0, we see that 

' 1 + sH , 



1 -s 

<a + p*t > 1_s =< a + p*t > (l - s log p < a + p*t > H ) , 

1-S\ (-1)™+! 



m / m(m — 1) 



s + 
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By employing these expansion, along with some algebraic manipulation, we evaluate 
J^Lp^(0,t|x). From the definition of L p h l(s,t\x), we note that 

L ( p h) q (s,t\ X ) 

= y rf^a+p^ 1 - 8 y ( 1 ~ s )(— —Yb^k. 

s-lF ^ Al ;y F _A 771 J\a + p*tJ m >i 



a=l m =° 
(a,p) = l 



Thus, we have 
(25) 



§- s mMx)\s=o = Exi(a)^ a { ((^) <W< } .) log p < a+p*t > 
(a + p*t\ {h) ^ (-1)"* {h) / a + p*t \ 1 " m 1 A („\„ha R {h) 

^ 7 m=2 V / \ / a=1 

(a,p) = l 

Since the Diamond gamma function is defined by 

1 °° B 

(26) G p (x) = (x--)log p x-x + E j- x 1 ^, for \x\ p > 1, cf. [5, 6, 20, 23] , 

and u>(a) is a root of unity for (a,p) = 1, we see that 

log p < a + p*t >= log p (a + p*t) + log p w~ 1 (a) = log p (a + p*t), cf. [24]. 

For / G UD(Z p ,Cp) = {f\f : Z p — > C p is uniformly differentiable function }, the 
Volkenborn integral is defined by 

r i pN -' 

(27) J (/) = / f(z)diio(x) = Jim — £ /(x), cf. [18]. 

It is easy to see that 

io(/i) = W) + /'(0), where /x(x) = /(x + 1). 
If we take /(x) = q hx e tx , (h e Z), then we have 



/ q hx e xt dfi (x) 



h log p q + t 
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Thus, we note that 

(28) I q hx x n d f i (x) = Bg, for h G Z . 

Jz v 

We now consider a locally analytic function G p h q (x) which are the (/-extension of Dia- 
mond gamma function as follows: 

(29) G p h ) q {x)= I {(x + z)log p (x + z) - (x + z)}q hz dfx (z), for \x\ p > 1. 

Jz p 

From the above Eq.(29), we note that G p h l(x) is locally analytic on C p \ Z p . By (28) 
and (29), we easily see that 

(30) G p %x) = + Bg) log p x-x< ) + ^ llJ^si fc + > 1>g x-», for |*| p > 1. 

n=l ^ ' 

Note that lim g _,.i G p ^q(x) = limh^o G p h q(x) = G p (x). From (25) and (30), we can 
derive the below formula: 

§- s L^(0,t\ X )= £ x.(«)«"G<S,(^)-£g3(0, X )log 1> F 

a=l 
(a,p) = l 

- £ Xi(a)rB[ h) qF . 

a=l 

(a,p)=l 

Therefore we obtain the following theorem: 

Theorem 4. Let x be the primitive Dirichlet character, and let F be a positive integral 
multiple of p* and f = f x . Then for any t G C p with \t\ p < 1, h G Z, we have 

§- s L p h l(0,t\ X ) = J2 Xi(«)^^(^^)-4^(0 5 x)log p F 

a=l 
(a,p)=l 

F 

- £ Xi (a)? ha ^. 

a=l 
(a,p) = l 
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Note that 

lim^LW(0,t| X ) = ^(0,t|x)= £ Xi(a)C p (^±^)-L p (0, X )log p F. 

a=l 
(o,p)=l 

This formula can be considered as the generalization of Ferrero-Greenb erg's theorem, 
cf.[5, 6, 7, 8, 11, 13, 20, 23, 24]. 
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